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1. Introduction
In the present paper, we are concerned with the global existence and decay rate of the classical solutions to the Cauchy
problem for the Cahn–Hilliard equation with inertial term:{
ηutt + ut + 2u −  f (u) = 0, x ∈ Rn, t > 0,
u|t=0 = u0(x), ut |t=0 = u1(x),
(1.1)
where n 3, f (·) is smooth in the small neighborhood of the origin, and f (u) = O (u1+θ ) when |u| 1 and θ is a positive
integer. The unknown u is the relative concentration of one phase. In the case η = 0, Eq. (1.1) is called the well-known
Cahn–Hilliard equation (cf. [2]). Presently, Galenko et al. in [7–10] have proposed to add inertial term ηutt in order to
model non-equilibrium decompositions caused by deep supercooling in certain glasses. The detailed physical background
can be seen in [9–11]. In what follows, without loss of generality, let η = 1.
The Cahn–Hilliard equation has been widely studied by many authors (see, e.g. [1,5,6,27,28,30,35,36] and the references
therein). As Zheng et al. pointed out in [35,36], Eq. (1.1) is a parabolic equation as η = 0 while it is a hyperbolic equation
with relaxation when η > 0. In comparison with the Cahn–Hilliard equation, Eq. (1.1) presents some mathematical diﬃ-
culties because the solutions do not regularize in ﬁnite time anymore. Thus one can hardly obtain the global existence of
classical solutions to (1.1) without smallness assumption on initial data as in [20], where the global existence and optimal
decay rate of the classical solution to the Cahn–Hilliard equation were investigated by the Fourier splitting method (see
[31]). In fact, for Eq. (1.1), the previous works mainly focus on the so-called energy bounded solutions (weak solutions) and
quasi-strong solutions. The 1D (one-dimensional) case is well understood (see [12,33,35,36]). Grasselli et al. [13,14] have
recently proven the global existence and dissipativity of the quasi-strong solutions in the 2D and 3D cases. Global attractors
for energy bounded solutions in the 3D case was considered in [32]. Very recently, Grasselli et al. investigated the long-time
behavior of the energy bounded solutions in [15] and numerical analysis of a space semidiscretization in [16], respectively.
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wave equation, please see relevant Refs. [17,21–26,29,34] in this direction. Whereas, because of weak dissipation of Eq. (1.1),
it is not easy to obtain temporal global existence of the classical solution only by the usual energy method even for the
small initial data. In fact, multiplying Eq. (1.1) by u and ut respectively, and summing the resulting equations, one has
d
dt
∫
u2 + u2t + (u)2 dx+
∫
u2t + (u)2 dx =
∫
ut f (u)dx+
∫
u f (u)dx. (1.2)
As usual, the second term in the right-hand side of (1.2) cannot be controlled by the standard energy method, since there
is not an estimate of the lower order term ‖u(·, t)‖L2 or ‖Du(·, t)‖L2 in the left-hand side of (1.2). In the present paper, we
employ the approach in [4], where the authors considered a semilinear dissipative wave equation, and introduced a long
wave–short wave method to get the global existence and decay rate of the classical solution. We bypass the diﬃculty in
making energy estimates and obtain the global solution directly without the existence of the local solution. To the best of
our knowledge, this is the ﬁrst existence result on the classical solution of (1.1), what’s more, we get the optimal decay rate
of the solution.
The main result in this paper is the following theorem.
Theorem 1.1. Assume integer θ  1. There exists a small constant  > 0 such that, if the initial data u0(x) and u1(x) satisfy
‖u0‖Hl+1∩W 1,1 + ‖u1‖Hl∩L1  0, (1.3)
for some small constant 0< 0  C−10  (C0 is a large positive constant independent of the constant ) and l [ n2 ]+5, then the Cauchy
problem (1.1) admits a unique, global, classical solution u(x, t) satisfying:
u ∈ C([0,∞); Hl+1(Rn)), ut ∈ C([0,∞); Hl(Rn)), utt ∈ L∞([0,∞); Hl−2(Rn)).
Furthermore, we have the following optimal decay rate of the solution
∥∥∂αx u(·, t)∥∥L2  C(1+ t)− n8− |α|4 ,
∥∥∂βx u(·, t)∥∥Wl−[ n2 ]−1,∞  C(1+ t)−
n
4− |β|4 ,
for |α| l, |β| l − [ n2 ] − 1. Here [a] = max{b | b is an integer, b a}.
Remark 1.1. The Laplace operator in the nonlinear term of (1.1) results in θ  1 here, which is required in (3.6). On the
other hand, from mathematical point of view, the method in the present paper can be used to the other cases, when the
nonlinear term in (1.1) is f (u) = O (u1+θ ), which evidently includes f (u) = ±u1+θ ,±|u|θu, we can obtain the same result
as Theorem 1.1. The unique difference is θ > 4n , which could be called a Fujita-like index for Eq. (1.1).
Remark 1.2. For the viscous Cahn–Hilliard equation with inertial term (see, e.g., [3,13,18])
ηutt + ut + 2u−κut −  f (u) = 0,
we can obtain the same result, please see the last section.
Remark 1.3. When the initial data is a perturbation of a nonzero constant b, and f (u) in (1.1) satisﬁes f ′(b) ≡ c > 0, the
linearized equation of (1.1) has the following form:
utt + ut − cu + 2u = 0.
Thus, on the one hand, the standard L2-energy method suﬃces to get the global existence of solution to (1.1), i.e., it need
not the initial data belong to L1 space as in Theorem 1.1. On the other hand, using semigroup method or Green’s function
method, one can get the same optimal decay rate as the damped wave equation (see, e.g. [21,24,26,29,34] and the references
therein).
Remark 1.4. In a forthcoming paper, we will consider the optimal decay rate of the half space problem.
Notations. Denote by Lp,Wm,p the usual Lebesgue and Sobolev spaces on Rn and Hm = Wm,2, with norms ‖ · ‖Lp , ‖ · ‖Wm,p ,
‖ · ‖Hm , respectively. In particular, we deﬁne the homogeneous Sobolev space H˙m(Rn) and the corresponding norm to be
H˙m
(
R
n)=
{
f
∣∣∣ ∑
|α|=m
∥∥∂αx f ∥∥L2  C
}
, ‖ f ‖H˙m(Rn) =
∑
|α|=m
∥∥∂αx f ∥∥L2 .
For the sake of conciseness, we do not precise in functional space names when they are concerned with scalar-valued or
vector-valued functions. We assume C be a positive generic constant throughout this paper that may vary at different places
and the integration domain Rn will be always omitted without any ambiguity.
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linearized equation. In Section 3, we study the global existence and the optimal decay rate of the classical solution of the
nonlinear problem (1.1). Lastly, we consider the viscous case in Section 4.
2. Green’s function and energy estimate
As usual, we apply the Fourier transform to the variable x
fˆ (ξ, t) =
∫
f (x, t)e−
√−1xξ dx,
and the inverse Fourier transform to the variable ξ
(F−1 fˆ )(x, t) = (2π)−2n
∫
fˆ (ξ, t)e
√−1xξ dξ.
Now we study Green’s function of (1.1), i.e., we consider the solution to the following initial value problem:⎧⎨
⎩
(
∂2t + ∂t + 2
)
G = 0,
G|t=0 = 0,
Gt |t=0 = δ(x).
(2.1)
By Fourier transform with respect to the variable x, we deduce that⎧⎪⎨
⎪⎩
(
∂2t + ∂t + |ξ |4
)
Gˆ = 0,
Gˆ|t=0 = 0, ξ ∈ Rn,
Gˆt |t=0 = 1, ξ ∈ Rn,
(2.2)
the symbol of which is
τ 2 + τ + |ξ |4 = 0.
By a direct calculation, we have
τ = λ±(ξ) = 1
2
(−1±
√
1− 4|ξ |4 ). (2.3)
As a result, one has
Gˆ(ξ, t) = (1− 4|ξ |4)− 12 (eλ+(ξ)t − eλ−(ξ)t). (2.4)
Here τ and ξ correspond to ∂t and Dx respectively, and Dxj = 1√−1∂x j . By Duhamel’s principle, we can get the representation
of the solution for the nonlinear problem (1.1)
u(x, t) = G(t) ∗ (u0 + u1) + ∂tG ∗ u0 +
t∫
0
G(t − τ ) ∗  f (u)(τ )dτ . (2.5)
Let
χ(ξ) =
{
1, |ξ | < r,
0, |ξ | > 2r, (2.6)
be smooth cut-off functions for some ﬁxed constant 0< r < 1.
Denote
Gˆ L(ξ, t) = χ(ξ)Gˆ(ξ, t), GL(x, t) = χ(D)GL(x, t).
We deﬁne operators
∂ht GL(v) = ∂ht GL(x, t) ∗ v(x), ∂αx GL(v) = ∂αx GL(x, t) ∗ v(x).
The following lemma can be obtained directly from the deﬁnition above and the Plancherel theorem.
Lemma 2.1. If function v(·) ∈ L1(Rn), there exists some constant C > 0 such that for h 0 and |α| 0,
∥∥∂ht GL(v)∥∥L2  C(1+ t)− n8− h2 ‖v‖L1 ,
∥∥∂ht GL(v)∥∥L∞  C(1+ t)− n4− h2 ‖v‖L1 , (2.7)∥∥∂αx GL(v)∥∥L2  C(1+ t)− n8− |α|4 ‖v‖L1 ,
∥∥∂αx GL(v)∥∥L∞  C(1+ t)− n4− |α|4 ‖v‖L1 . (2.8)
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λ+(ξ) = −|ξ |4 + O
(|ξ |6), λ−(ξ) = −1+ O (|ξ |2), if |ξ | 
 1,
which together with the presentation of Gˆ(ξ, t) implies
∣∣Gˆ(ξ, t)∣∣= ∣∣(1− 4|ξ |4)− 12 (eλ+(ξ)t − eλ−(ξ)t)∣∣ Ce−|ξ |4t
when |ξ | 13 . Thus
∣∣ξα Gˆ(ξ, t)∣∣ C |ξ ||α|e−|ξ |4t,
where ξα = ξα11 · · · ξαnn . Consequently,
∥∥∂αx GL(v)∥∥L2 =
∥∥(√−1ξ)α Gˆ L vˆ∥∥L2 =
(∫ ∣∣(√−1ξ)α Gˆ L(ξ, t)vˆ(ξ)∣∣2 dξ
) 1
2
=
(∫ ∣∣(√−1ξ)αχ(ξ)Gˆ(ξ, t)vˆ(ξ)∣∣2 dξ
) 1
2
 C‖vˆ‖L∞
( ∫
|ξ |r
|ξ |2|α|e−2|ξ |4t dξ
) 1
2
 C‖vˆ‖L∞(1+ t)− n8− |α|4 ,
∥∥∂αx GL(v)∥∥L∞  C
∥∥∥∥
∫
(
√−1ξ)α Gˆ L(ξ, t)vˆ(ξ, t)e
√−1ξt dξ
∥∥∥∥
L∞
 C‖vˆ‖L∞
∫
|ξ |r
|ξ ||α|e−|ξ |4t dξ
 C‖vˆ‖L∞(1+ t)− n4− |α|4 .
Since
‖vˆ‖L∞ = sup |vˆ| C
∫ ∣∣v(x)e−√−1xξ ∣∣dx C‖v‖L1 ,
one has
∥∥∂αx GL(v)∥∥L2  C(1+ t)− n8− |α|4 ‖v‖L1 ,
and
∥∥∂αx GL(v)∥∥L∞  C(1+ t)− n4− |α|4 ‖v‖L1 .
(2.7) can be obtained similarly. 
Next, we consider the estimate for the short wave part uH (t). Based on Fourier transform and (2.6), we can deﬁne the
long wave–short wave decomposition (gL(x, t), gH (x, t)) for a function g(x, t)
gL(x, t) = χ(D)g(x, t), gH (x) =
(
1− χ(D))g(x, t).
Here, χ(D) is the operator with the symbol χ(ξ). The long wave part gL(x, t) and short wave part gH (x, t) satisfy
‖gL‖H˙ s  C(s)‖gL‖L2 , ‖gH‖L2  C(s)‖gH‖H˙ s .
Obviously, the short wave part gH (x, t) satisﬁes a Poincaré-like inequality. Thus, we apply the energy method and the
Poincaré-like inequality insures the decaying estimates for gH (x, t) and its derivatives. Let the operator 1−χ(D) act on the
both sides of Eq. (1.1) and we will get
{
∂2t uH + ∂tuH + 2uH = 
(
1−χ(D)) f (u(x, t)),
uH (x,0) = u0H (x), ∂tuH (x,0) = u1H (x).
(2.9)
Here we have used the relation: (1 − χ(D)) f (u(x, t)) = (1 − χ(D)) f (u(x, t)). Multiplying (2.9) with uH and ∂tuH and
summing the two resulting equations, one has
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(
∂2t uH + ∂tuH + 2uH − 
(
1−χ(D)) f (u(x, t)))dx
= d
dt
[∫
1
2
(∂tuH )
2 + (uH )2 dx
]
+
∫
(∂tuH )
2 dx =
∫
∂tuH ·  f
(
u(x, t)
)
dx, (2.10)
∫
uH
(
∂2t uH + ∂tuH + 2uH − 
(
1− χ(D)) f (u(x, t)))dx
= d
dt
[∫
1
2
u2H + uH∂tuH dx
]
−
∫
(∂tuH )
2 dx+
∫
(uH )
2 dx =
∫
uH ·  f
(
u(x, t)
)
dx. (2.11)
Since uH satisﬁes Poincaré-like inequalities:∫
|∇uH |2 dx C
∫
(uH )
2 dx,
∫
|∂t∇uH |2 dx C
∫
(∂tuH )
2 dx, (2.12)
these inequalities together with (2.10) and (2.11) imply that there exists a constant C > 0 such that
d
dt
et/C
∫ [
(uH )
2 + (∂tuH )2 + (uH )2
]
dx Cet/C
∫ [

(
1−χ(D)) f (u(x, t))]2 dx. (2.13)
Thus, from (2.13) and Lemma 2.1 one has
∥∥uH (·, t)∥∥2H2 +
∥∥∂tuH (·, t)∥∥2L2  C
t∫
0
e−(t−τ )/C
∥∥ f (u(·, τ ))∥∥2L2 dτ + Ce−t/C (‖u0‖2H2 + ‖u1‖2L2
)
. (2.14)
The estimate for higher order derivatives can be obtained similarly, for simplicity, we omit the details.
Lemma 2.2. Set uH (x, t) = (1−χ(D))u(x, t) where uH (x, t) is the solution of (2.9) and χ(D) is the decomposition operator deﬁned
in (2.6). Then uH (x, t) satisﬁes∥∥∂αx uH (·, t)∥∥2H2 +
∥∥∂t∂αx uH (·, t)∥∥2L2
 C
t∫
0
e−(t−τ )/C
∥∥∂αx f (u(·, τ ))∥∥2L2dτ + Ce−t/C (
∥∥∂αx u0∥∥2H2 +
∥∥∂αx u1∥∥2L2). (2.15)
3. Global existence
3.1. Basic lemmas
First of all, we show some lemmas, which will be mainly used to deal with the nonlinear term in (1.1). The proof of the
following lemmas can be found in [4,19,34].
Lemma 3.1. Let 1 r,q∞,m ∈ N. Then there is a constant c > 0 such that for all w ∈ Wm,p ∩ Lr the inequality∥∥D jw∥∥Lq  C
∥∥Dmw∥∥ j/mLp ‖w‖1− j/mLr
holds, where j ∈ {0,1, . . . ,m} and
1
q
= j
m
1
p
+
(
1− j
m
)
1
r
.
Lemma 3.2. Let s and θ be positive integers, δ > 0, p,q, r ∈ [1,∞] be such that 1r = 1p + 1q , and let k ∈ {0,1,2, . . . , s}. Let F (v) be a
function of class Cs that satisﬁes∣∣∂ lv F (v)∣∣ Cl,δ|v|θ+1−l, |v| < δ, 0 l s, l < θ + 1,
and ∣∣∂ lv F (v)∣∣ Cl,δ, |v| < δ, l s, if θ + 1 l.
If v ∈ Wk,p ∩ Lp ∩ L∞ and ‖v‖L∞  δ, then∥∥F (v)∥∥Wk,r  Ck,δ‖v‖Wk,q‖v‖Lp‖v‖θ−1L∞ , (3.1)∥∥∂αx F (v)∥∥Lr  C
∥∥∂αx v∥∥Lq‖v‖Lp‖v‖θ−1L∞ . (3.2)
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function that satisﬁes the assumptions of Lemma 3.2. Moreover, assume that
∣∣∂ sv F (v1) − ∂ sv F (v2)∣∣ Cδ(|v1| + |v2|)max{θ−s,θ}|v1 − v2|, |v1|, |v2| < δ.
If v1, v2 ∈ Wk,p ∩ Lp ∩ L∞ satisfy ‖v1‖L∞  δ and ‖v2‖L∞  δ, then∥∥F (v1) − F (v2)∥∥Wk,r  Ck,δ{(‖v1‖Wk,p + ‖v2‖Wk,p )‖v1 − v2‖Lp
+ (‖v1‖Lp + ‖v2‖Lp )‖v1 − v2‖Wk,q}(‖v1‖L∞ + ‖v2‖L∞)θ−1. (3.3)
3.2. Global existence for the nonlinear problem
This subsection is devoted to use the ﬁxed point theorem of Banach to obtain the global existence of the classical
solution.
We consider the following Cauchy problem{
utt + ut + 2u =  f (v), x ∈ Rn, t > 0,
u|t=0 = u0(x), ut |t=0 = u1(x).
(3.4)
To apply the contraction mapping theorem, we denote the function on the right-hand side of (3.4) by T v(x, t). Deﬁne a
space Xs,E as follows:
Xs,E =
{
v = v(x, t) ∣∣ Ds(v) E},
where integer s [ n2 ] + 5, E is a positive constant and
Ds(v) = sup
t0
[
(1+ t) n4 ∥∥v(·, t)∥∥
Ws−[
n
2 ]−1,∞ + (1+ t)
n
8
∥∥v(·, t)∥∥Hs].
The metric in space Xs,E is induced by the norm Ds(u):
ρ(v, v¯) = Ds(v − v¯), ∀v, v¯ ∈ Xs,E .
It is obvious that (Xs,E , Ds(·)) is a Banach space.
In the following lemma, we show that T is a map from Xs,E to itself.
Lemma 3.4. When  is small enough, there exists some constant 0 suﬃciently small such that if the initial data u0(x) and u1(x)
satisfy (1.3), then T is a map from Xs, to Xs, .
Proof. The solution of Eq. (3.4) can be divided into two parts by long wave–short wave decomposition:
u(x, t) = uL(x, t) + uH (x, t).
And the representation (2.5) yields
uL(x, t) = GL(t) ∗ (u0 + u1) + ∂tGL ∗ u0 +
t∫
0
GL(t − τ ) ∗  f (v)(τ )dτ . (3.5)
From Lemma 2.1, when θ  2n , we can get
∥∥uL(·, t)∥∥L2  C(1+ t)− n8 (‖u0‖L1 + ‖u1‖L1)+
t∫
0
∥∥GL(t − τ ) ∗ f (v)(τ )∥∥L2 dτ
 C(1+ t)− n8 (‖u0‖L1 + ‖u1‖L1)+ Cθ+1
t∫
0
(1+ t − τ )− n8− 12 (1+ τ )− nθ4 dτ
 C(1+ t)− n8 (0 + θ+1), (3.6)
and
∥∥uL(·, t)∥∥ ∞  C(1+ t)− n4 (0 + θ+1). (3.7)L
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∥∥ f (v)(·, s)∥∥L1  C‖v‖2L2‖v‖θ−1L∞  Cθ+1(1+ τ )− nθ4 ,
which is derived from Lemma 3.2.
The estimate for derivatives ∂αx uL(x, t) can be obtained similarly. Since
∂αx uL(x, t) =
∫
Rn
(∂αx GL(x− y, t)
(
u0(y) + u1(y)
)
dy +
∫ ∫
Rn
∂αx GL(x− y, t − τ ) f (v)(y, τ )dy dτ ,
one can immediately get
∥∥∂αx uL(x, t)∥∥L2  C(0 + θ+1)(1+ t)− n8− |α|4 . (3.8)
On the other hand, from Lemma 2.2 and Lemma 3.2, we can obtain the estimate for uH (x, t) for |α| l − 2:∥∥∂αx uH (·, t)∥∥2H2 +
∥∥∂t∂αx uH (·, t)∥∥2L2
 C
t∫
0
e−(t−τ )/C
∥∥∂αx f (v)(·, τ )∥∥2L2 dτ + Ce−t/C (
∥∥∂αx u0∥∥2H2 +
∥∥∂αx u1∥∥2L2)
 C
t∫
0
e−(t−τ )/C (1+ τ )− n8 (1+2θ) dτ + Ce−t/C (∥∥∂αx u0∥∥2H2 +
∥∥∂αx u1∥∥2L2)
 C
(
0 + θ+1
)
(1+ t)− n8 (1+2θ). (3.9)
In the same way, we can get L∞-norm estimate of uH (x, t):∥∥∂αx uH (·, t)∥∥L∞  C(0 + θ+1)(1+ t)− n4 (1+2θ). (3.10)
The estimates (3.6)–(3.10) result in
Ds(v) C
(
0 + θ+1
)
.
Thus, for 0 
  
 1, we have v ∈ Xs, . 
In the next lemma, we prove that T is a contraction map.
Lemma 3.5. Assume v1, v2 ∈ Xs,E , then
Ds(T v1 − T v2) 1
2
Ds(v1 − v2). (3.11)
Proof. Let w = v1 − v2, it follows from (3.4) that{
∂2t w + ∂t w + 2w = 
[
f (v1) − f (v2)
]
, x ∈ Rn, t > 0,
(w, ∂t w)(x,0) = (0,0), x ∈ Rn.
(3.12)
By the Duhamel principle and the triangle inequality, we have
T w = T v1 − T v2 =
t∫
0
G(t − τ ) ∗ ( f (v1) − f (v2))(τ )dτ . (3.13)
Repeating the process of the proof for Lemma 3.4, and using (3.3) we see that
∥∥Dαx wL(·, t)∥∥L2  C
t∫
0
(1+ t − τ )− n8− |α|2 ∥∥ f (v1) − f (v2)∥∥L1 dτ
 C
t∫
0
(1+ t − τ )− n8− |α|2 ‖w‖L2
(‖v1‖L2 + ‖v2‖L2)(‖v1‖L∞‖v2‖L∞)θ−1 dτ
 θ (1+ t)− n8 Ds(w). (3.14)
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∥∥Dαx wL(·, t)∥∥L∞  θ (1+ t)− n4 Ds(w). (3.15)
The remaining part wH (x, t) can be estimated as
∥∥wH (·, t)∥∥Hs  C
t∫
0
e−(t−τ )/C
∥∥ f (v1) − f (v2)∥∥Hs (τ )dτ
 C
t∫
0
e−(t−τ )/C
(‖v1‖L∞ + ‖v2‖L∞)θ−1
× [(‖v1‖Hs + ‖v2‖Hs)‖w‖L∞ + (‖v1‖L∞ + ‖v2‖L∞)‖w‖Hs ]dτ
 θ (1+ t)− n8 (1+2θ)Ds(w). (3.16)
The L∞ estimate is similar:
∥∥Dαx wH (·, t)∥∥L∞  θ (1+ t)− n4 (1+2θ)Ds(w). (3.17)
(3.16) and (3.17) imply that
Ds(w) = Ds
(
T (v1) − T (v2)
)
 θ Ds(v1 − v2),
since  
 1 and θ max{1, 2n }. The proof of Lemma 3.5 is completed. 
From Lemma 3.4 and Lemma 3.5 and the ﬁxed point theorem of Banach, we have the following result.
Theorem 3.1. When  is suﬃciently small, there exists some small constant 0 > 0 such that if the initial data satisfy (1.3), then the
solution u(x, t) of (1.1) exists and satisﬁes u(x, t) ∈ Xs, .
3.3. Optimal decay rate of the solution
In the last subsection, we have showed that the solution u(x, t) of (1.1) with the initial data (1.3) satisﬁes:
∥∥u(·, t)∥∥Hl  (1+ t)− n8 ,
∥∥u(·, t)∥∥
Wl−[
n
2 ]−1,∞  (1+ t)−
n
4 .
Next, we want to obtain the extra decay rate for derivatives. Make ansatz:
∥∥∂αx u(·, t)∥∥L2  a(1+ t)− n8− |α|4 ,
∥∥∂βx u(·, t)∥∥Wl−[ n2 ]−1,∞  a(1+ t)−
n
4− |β|4 , (3.18)
for some positive constant a, |α| l, |β| l − [ n2 ] − 1 and 0 
  
 1.
To verify (3.18), we also use the long wave–short wave decomposition. Consider the derivatives ∂αx uL(x, t) (|α| l):
∥∥∂αx uL(x, t)∥∥L2 =
∥∥∥∥
∫
Rn
∂αx GL(x− y, t)
(
u0(y) + u1(y)
)
dy
∥∥∥∥
L2
+
∥∥∥∥∥
t/2∫
0
∫
Rn
∂αx GL(x− y, t − τ ) f (u)(y, τ )dy dτ
∥∥∥∥∥
L2
+
∥∥∥∥∥
t∫
t/2
∫
Rn
GL(x− y, t − τ )∂αx f (u)(y, τ )dy dτ
∥∥∥∥∥
L2
. (3.19)
From Lemma 2.2 and Theorem 3.1, we have
∥∥ f (u)(·, τ )∥∥L1  C‖u‖2L2‖u‖θ−1L∞  Caθ+1θ+1(1+ τ )− nθ4 ,∥∥∂αx f (u)(·, τ )∥∥L1  C
∥∥∂αx u∥∥2L2‖u‖θ−1L∞  Caθ+1θ+1(1+ τ )− nθ4 ,
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In the same way, we can obtain∥∥∂αx uL(·, t)∥∥L∞  a(1+ t)− n4− |α|4 . (3.21)
Then we consider ∂αx uH (x, t) (|α| l − 2). From Lemma 2.2 and the ansatz (3.18), one can get∥∥∂αx uH (·, t)∥∥2H2 +
∥∥∂t∂αx uH (·, t)∥∥2H2
 C
t∫
0
e−(t−τ )/C
∥∥∂αx  f (u)∥∥L2dτ + Ce−t/C (
∥∥∂αx u0∥∥2H2 +
∥∥∂αx u1∥∥2H2)
 a(1+ t)− n4− |α|4 . (3.22)
Thus (3.20), (3.21) and (3.22) together with the Sobolev imbedding inequality lead to∥∥∂αx u(·, t)∥∥Hl  a(1+ t)− n8− |α|4 ,
∥∥∂βx u(·, t)∥∥Wl−[ n2 ]−1,∞  a(1+ t)−
n
4− |β|4 ,
for |α| l, |β| l − [ n2 ] − 1 and 0 
  
 1. Lastly, using the interpolation lemma we complete the proof of Theorem 1.1.
4. Viscous case
In this section, we consider the viscous case as follows:{
utt + ut + 2u − κ∂tu −  f (u) = 0, x ∈ Rn, t > 0,
u|t=0 = u0(x), ut |t=0 = u1(x). (4.1)
On the one hand, it is obvious that the presence of the viscous term −κ∂tu does not bring new diﬃculty to energy
estimates, i.e., one can obtain the global existence as in Section 3.
Consider the solution to the following initial value problem with η = 1:⎧⎨
⎩
(
∂2t + ∂t − ∂t + 2
)
G = 0,
G|t=0 = 0,
Gt |t=0 = δ(x).
(4.2)
By Fourier transform with respect to the variable x, we deduce that⎧⎨
⎩
(
∂2t + ∂t
(
1+ |ξ |2)+ |ξ |4)Gˆ = 0,
Gˆ|t=0 = 0, ξ ∈ Rn,
Gˆt |t=0 = 1, ξ ∈ Rn,
(4.3)
the symbol of which is
τ 2 + τ + |ξ |2τ + |ξ |4 = 0. (4.4)
By a direct calculation, we have
τ = λ±(ξ) = 1
2
(−(1+ |ξ |2)±
√(
1+ |ξ |2)2 − 4|ξ |4 ). (4.5)
As a result,
Gˆ(ξ, t) = ((1+ |ξ |2)2 − 4|ξ |4)− 12 (eλ+(ξ)t − eλ−(ξ)t). (4.6)
Here τ and ξ correspond to ∂t and Dx respectively, and Dxj = 1√−1∂x j . By Duhamel’s principle, we can get the representation
of the solution for the nonlinear problem (4.1)
u(x, t) = G(t) ∗ (u0 + u1 − u0) + ∂tG ∗ u0 +
t∫
0
G(t − τ ) ∗  f (u)(τ )dτ . (4.7)
From (4.5) and the Taylor expansion, we can obtain
λ+(ξ) = −2|ξ |4 + O
(|ξ |6), λ−(ξ) = −1+ O (|ξ |2), if |ξ | 
 1. (4.8)
As is known to all, the decay rate of solution mainly depends on the long wave part. Thus the decay rate of the solution to
(4.1) is the same as that of (1.1).
358 W. Wang, Z. Wu / J. Math. Anal. Appl. 387 (2012) 349–358Acknowledgments
The authors are grateful to the referee for his valuable comments and suggestions which helped to improve the original manuscript. The research of
W.K. Wang was partially supported by the National Science Foundation of China 11071162. The research of Z.G. Wu was supported by the National Science
Foundation of China 11101112.
References
[1] L.A. Caffarelli, N.E. Muler, An L∞-bound for solutions of the Cahn–Hilliard equation, Arch. Ration. Mech. Anal. 133 (1995) 129–144.
[2] J.W. Cahn, J.E. Hilliard, Free energy of a nonuniform system, I. Interfacial free energy, J. Chem. Phys. 28 (1958) 258–267.
[3] M. Conti, G. Mola, 3-D viscous Cahn–Hilliard equation with memory, Math. Methods Appl. Sci. 32 (2009) 1370–1395.
[4] S.J. Deng, W.K. Wang, H.L. Zhao, Existence theory and Lp estimates for the solution of nonlinear viscous wave equation, Nonlinear Anal. Real World
Appl. 11 (2010) 4404–4414.
[5] M. Efendiev, A. Miranville, S. Zelik, Exponential attractors for a singularly perturbed Cahn–Hilliard system, Math. Nachr. 272 (2004) 11–31.
[6] C.M. Elliott, S. Zheng, On the Cahn–Hilliard equation, Arch. Ration. Mech. Anal. 96 (1986) 339–357.
[7] P. Galenko, Phase-ﬁeld model with relaxation of the diffusion ﬂux in nonequilibrium solidiﬁcation of a binary system, Phys. Lett. A 287 (2001) 190–197.
[8] P. Galenko, D. Jou, Diffuse-interface model for rapid phase transformations in nonequilibrium systems, Phys. Rev. E 71 (2005) 046125.
[9] P. Galenko, V. Lebedev, Analysis of the dispersion relation in spinodal decomposition of a binary system, Philos. Mag. Lett. 87 (2007) 821–827.
[10] P. Galenko, V. Lebedev, Local nonequilibrium effect on spinodal decomposition in a binary system, Int. J. Thermodyn. 11 (2008) 21–28.
[11] S. Gatti, M. Grasselli, A. Miranville, V. Pata, Hyperbolic relaxation of the viscous Cahn–Hilliard equation in 3D, Math. Models Methods Appl. Sci. 15
(2005) 165–198.
[12] S. Gatti, M. Grasselli, A. Miranville, V. Pata, On the hyperbolic relaxation of the one dimensional Cahn–Hilliard equation, J. Math. Anal. Appl. 312 (2005)
230–247.
[13] M. Grasselli, G. Schimperna, A. Segatti, S. Zelik, On the 3D Cahn–Hilliard equation with inertial term, J. Evol. Equ. 9 (2009) 371–404.
[14] M. Grasselli, G. Schimperna, S. Zelik, On the 2D Cahn–Hilliard equation with inertial term, Commun. Partial Diff. Eqns. 34 (2009) 137–170.
[15] M. Grasselli, G. Schimperna, S. Zelik, Trajectory and smooth attractors for Cahn–Hilliard equations with inertial term, Nonlinearity 23 (2010) 707–737.
[16] M. Grasselli, M. Pierre, A splitting method for the Cahn–Hilliard equation with inertial term, Math. Models Methods Appl. Sci. 20 (8) (2010) 1363–1390.
[17] T. Hosono, T. Ogawa, Large time behavior and Lp–Lq estimate of solutions of 2-dimensional nonlinear damped wave equations, J. Differential Equa-
tions 203 (2004) 82–118.
[18] M.B. Kania, Global attractor for the perturbed viscous Cahn–Hilliard equation, Colloq. Math. 109 (2007) 217–229.
[19] T.T. Li, Y.M. Chen, The Nonlinear Evolution Equation, Scientiﬁc Press, 1989 (in Chinese).
[20] S.Q. Liu, F. Wang, H.J. Zhao, Global existence and asymptotics of solutions of the Cahn–Hilliard equation, J. Differential Equations 238 (2) (2007)
426–469.
[21] Y.Q. Liu, W.K. Wang, The pointwise estimates of solutions for dissipative wave equation in multi-dimensions, Discrete Contin. Dyn. Syst. 20 (2008)
1013–1028.
[22] P. Marcati, K. Nishihara, The Lp–Lq estimates of solutions to one-dimensional damped wave equations and their application to the compressible ﬂow
through porous media, J. Differential Equations 191 (2003) 445–469.
[23] M. Nakao, Energy decay for the quasilinear wave equation with viscosity, Math. Z. 219 (2) (1995) 289–299.
[24] M. Nakao, K. Ono, Existence of global solutions to the Cauchy problem for the semilinear dissipative wave equations, Math. Z. 214 (1993) 325–342.
[25] K. Nishihara, Lp–Lq estimates of solutions to the damped wave equation in 3-dimensional space and their application, Math. Z. 244 (2003) 631–649.
[26] K. Nishihara, H.J. Zhao, Decay properties of solutions to the Cauchy problem for the damped wave equation with absorption, J. Math. Anal. Appl. 313
(2006) 598–610.
[27] A. Novick-Cohen, The Cahn–Hilliard equation: mathematical and modeling perspectives, Adv. Math. Sci. Appl. 8 (1998) 965–985.
[28] A. Novick-Cohen, On Cahn–Hilliard type equations, Nonlinear Anal. 15 (1990) 797–814.
[29] K. Ono, Global existence and asymptotic behavior of small solutions for semilinear dissipative wave equations, Discrete Contin. Dyn. Syst. 9 (2003)
651–662.
[30] P. Rybka, K.H. Hoffmann, Convergence of solutions to Cahn–Hilliard equation, Comm. Partial Differential Equations 24 (1999) 1055–1077.
[31] M.E. Schonbek, Decay of solutions to parabolic conservation laws, Comm. Partial Differential Equations 7 (1980) 449–473.
[32] A. Segatti, On the hyperbolic relaxation of the Cahn–Hilliard equation in 3-D: approximation and long time behaviour, Math. Models Methods Appl.
Sci. 17 (2007) 411–437.
[33] V. Vergara, A conserved phase ﬁeld system with memory and relaxed chemical potential, J. Math. Anal. Appl. 328 (2007) 789–812.
[34] W.K. Wang, W.J. Wang, The pointwise estimates of solutions for semilinear dissipative wave equation in multi-dimensions, J. Math. Anal. Appl. 366
(2010) 226–241.
[35] S. Zheng, A.J. Milani, Exponential attractors and inertial manifolds for singular perturbations of the Cahn–Hilliard equations, Nonlinear Anal. 57 (2004)
843–877.
[36] S. Zheng, A.J. Milani, Global attractors for singular perturbations of the Cahn–Hilliard equations, J. Differential Equations 209 (2005) 101–139.
